
b

P
A
w
y

2

1

Study of the mechanical properties of Nd:YVO4 crystal
y use of laser interferometry and finite-element analysis

Xiaoyuan Peng, Anand Asundi, Yihong Chen, and Zhengjun Xiong

A hybrid method that combines experimental and numerical approaches for determining the material
properties of Nd:YVO4 is reported. In the experimental investigations a laser interferometer is proposed
for measuring the physical deformation of lasing materials at the end-pump surface. By matching with
the measured end bulging, we have implemented a numerical solution with finite-element analyses to
determine the Poisson ratio and Young’s modulus of the crystal. The accuracy interval of the evaluated
Poisson ratio of 0.33 and Young’s modulus of 133 GPa is discussed numerically. Based on the mechan-
ical properties obtained, the end effect is separated from thermal effects, and it shows that the end effect
results in an approximate equal thermal lensing effect compared with the index parts for end-pumped
Nd:YVO4 lasers. © 2001 Optical Society of America

OCIS codes: 140.3480, 140.6810, 120.3180, 160.3380.
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1. Introduction

Diode-pumped solid-state lasers are compact, effi-
cient, and stable and have diffraction-limited beam
quality and high-power output.1–3 Recently, a new
lasing material, Nd:YVO4, applied to diode-pumped
solid-state ~DPSS! lasers is attracting more attention
owing to its high efficiency.4,5 Much research has
been engaged in scaling the Nd:YVO4 lasers to high
average power through theoretical analyses and ex-
perimental investigations.6,7 It is a common fact
that the maximum incident pump power is limited by
the stress fracture, which is caused by nonuniform
temperature distributions in the crystals with pump
loading. Because the stress fracture is determined
by the inherent material properties of lasing crystals,
i.e., the Poisson ratio and Young’s modulus, they are
important parameters for designing and analyzing
DPSS lasers. For Nd:YAG it has been known that
Young’s modulus, the Poisson ratio, and the maxi-
mum hoop stress are 307 GPa, 0.3, and 20,000 psi,
respectively.8 However, the mechanical properties
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f Nd:YVO4 are still unknown. It is therefore diffi-
cult to calculate theoretically its stress distribution,
end bulging, and thermally induced birefringence ef-
fect as well as to predict the maximum laser output
power.

In diode-end-pumped solid-state lasers, inhomoge-
neous local heating of laser materials and nonuni-
form temperature distribution in lasing crystals
result in distortion of the laser beam that is due to
temperature- and stress-dependent variations of the
refractive index and the end bulging of the pumped
surface.8 Both effects contribute to the formation of
a thermal lens and are referred to as the index parts
and the end effect, respectively.8,9 Such aberrated
thermal lenses induced by index parts and the end
effect significantly limit laser-beam quality, resona-
tor stability, and output laser power.10–12 Koech-
ner8 evaluated the end effect for a side-pumped Nd:
YAG system to be less than 6% in the thermal effects.
Recently, Weber et al.13 calculated the end effect nu-
merically with a two-dimensional finite-element ~FE!
analysis and concluded that the average thermal lens
induced by the end effect had a proportion of ;30%
for the end-pumped edge-cooled Nd:YAG system.
Baer et al.9 Kleine et al.,10 and Marshall et al.12 di-
rectly measured the distortion of the end-pump sur-
face and index parts by use of interferometric
techniques. They showed that the thermal lensing
effect and aberrations for Nd:YLF and Nd:YVO4 are
strong at the pump facet for end-pumped solid-state
lasers with several watts of output. In addition, in-
dex parts and the end effect make approximately
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equal contributions to aberrations. Inasmuch as the
end effect is in fact a kind of mechanical displacement
at the end-pump surface, end bulging provides an
essential parameter for studying the properties and
behaviors of lasing crystals. The accurate experi-
mental results of thermally induced end bulging en-
able the subsequent determination of strain and
stress. More important, these results serve as exact
measured data for comparison with computational
simulations when a FE method is used for the anal-
ysis of material properties.

Here we use a hybrid method that combines exper-
imental and numerical approaches to determine the
material properties of the Nd:YVO4 crystal. With
espect to experimental investigations, a laser inter-
erometer is proposed to measure the end effect of
asing crystals. The proposed optical interferomet-
ic technique provides a noninvasive, high-resolution
eans of diagnosing the end effect by measuring

ariations of the optical path difference ~OPD! in-
duced by thermal loading on lasing crystals without
disturbing the normal working condition of DPSS
lasers. With the numerical approach, by matching
the measured end bulging, the FE model involves
strain–stress calculations to fit the Poisson ratio and
Young’s modulus. In addition, the numerical solu-
tion allows discussions of the accuracy interval of the
evaluated mechanical properties. With the values
obtained, the end effect can be separated theoreti-
cally from the thermal effects for end-pumped Nd:
YVO4 lasers.

2. Laser System and Interferometry

Figure 1 shows a schematic layout of the diode-end-
pumped edge-cooled Nd:YVO4 laser system and the
experimental setup of the interferometer used to
quantify the end effect. A 3 mm 3 3 mm 3 5 mm
Nd:YVO4 crystal with a Nd31 doping concentration of
0.5 at. % was the active lasing medium. The crystal

Fig. 1. Schematic layout of the DPSS laser system
had a 1.06-mm antireflection coating at one end sur-
face and a 1.06-mm high-reflection coating and an
808-nm antireflection coating at the pump-end sur-
face. Wrapped in an indium foil layer with high
thermal conductivity, the crystal was mounted on a
copper heat sink. The heat deposited in the crystal
was radially removed by the heat sink, whose periph-
ery was cooled by water with a temperature of 23 °C.
Two end surfaces of the crystal were in contact with
air. The crystal was end pumped by a fiber-coupled
diode laser with a central wavelength of 808 nm, and
its output power ranged from 0 to 15 W. The pump
beam from the fiber optics with a numerical aperture
of 0.16 and a diameter of 1.5 mm was focused to a spot
of 0.2-mm radius by collimating and focusing optics.
The laser resonator consisted of a high-reflection-
coated end surface of Nd:YVO4 and an output cou-
pler, OC, with a curvature radius of 400 mm and a
transmission of 11%. The length of the cavity could
be adjusted from 100 to 300 mm, which resulted in a
beam-waist diameter from 300 to 600 mm at the flat

irror. The input–output characteristics of the
iode-end-pumped edge-cooled Nd:YVO4 laser sys-

tem is shown in Fig. 2. The TEM00 optical-to-optical
efficiency and slope efficiency for this laser system at
5-W output levels were approximately 42% and 51%,
respectively.

With regard to the laser interferometer a
frequency-stabilized He–Ne laser with a wavelength
of 0.6328 mm was employed as the light source. The
aser beam was split into two paths as the reference
eam, r, and object beam, o, by a beam splitter, BS 1.
wo flat mirrors, M 1 and M 2, were at a working
avelength. The object beam was guided to reflect
n the crystal surface at an angle of 66°. Therefore
he interference patterns involved information from
he pump surface. Another beam splitter cube, BS
, was used to combine the two beam paths, and the
eam expander, BE, was used to magnify the inter-

the experimental setup of the laser interferometer.
and
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ferograms. The generated interference patterns
were taken by a CCD camera connected to a PC and
a digital video recording system. The video system
had a temporal resolution of 1y30 s. Because no
additional optical element was inserted into the laser
resonator, the actual lasing operation was not dis-
turbed by such a laser–interferometer arrangement.
Figures 3~a!, 3~b!, and 3~c! show the fringe patterns
hat are typically taken from absorbed pump powers
f 0, 5, and 10 W, respectively.
The end-bulging vector de~P! at point P on the sur-

face in the direction of the sensitivity vector e~P! is
related to the phase difference Df~P!:

Df~P! 5
2p

l
de~P! z e~P!. (1)

The phase difference caused by end bulging is

Df~P! 5
2p

l
OPD, (2)

where l is the wavelength of the probe beam. The
end bulging together with the sensitivity vector gives
OPD’s that lead to observable fringe patterns. In
such an interferometric setup the sensitivity vector
coincides with the direction of the bulging compo-
nent, enabling the measurement to be performed
with the highest sensitivity.14 From Eq. ~1! the end
ulging is given by

de~P! 5
lDf~P!

4p cos~u!
, (3)

where de~P! is the end bulging at point P, u is the
angle between the longitudinal direction and the il-
lumination direction, and Df~P! is the interference
phase variation at point P.

Based on Eq. ~3!, the end bulging as a function of
absorbed pump power can be calculated, as shown in
Fig. 4. The solid line in Fig. 4 represents the mea-
sured result from FE simulation, which is explained
in Section 3.

It is explicit that the end bulging of Nd:YVO4 crys-

Fig. 2. Input–output characteristics of the diode-end-pumped
edge-cooled Nd:YVO4 laser.
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tal becomes more serious with an increase of ab-
sorbed pump power. The maximum end bulging of
1.97 mm occurs at the absorbed pump power of 10 W.
As part of the thermal effects, the end bulging causes
aberrations in the laser beam. In addition, it causes
the crystal to fracture when induced stress inside the
crystal exceeds the ultimate stress. The measured
end bulging, then, can offer comparison data in FE
analysis to evaluate the unknown mechanical prop-
erties of Nd:YVO4.

3. Numerical Model and Results

A. Theory

The three-dimensional ~3-D! FE model shown in Fig.
was developed for one-fourth of the cuboid brick and

epresents the entire operation characteristic of the
rystal. The three kinds of material considered for
his model were Nd:YVO4 crystal, the copper heat

Fig. 3. Interferograms of the end effect for an end-pumped Nd:
YVO4 laser at absorbed pump powers of ~a! 0 W, ~b! 5 W, and ~c! 10
W.
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sink, and indium foil, with their thermodynamic pa-
rameters as listed in Table 1.

The temperature distribution T~x, y, z! is described
by a 3-D heat conduction equation13:

¹2T~x, y, z! 1
q~x, y, z!

k
5 0, (4)

where q~x, y, z! is the heat source that is part of the
pump power and k is the thermal conductivity.

The heat flow through the surface of the crystal

Fig. 4. End bulging as a function of absorbed pump power ob-
tained by numerical and experimental approaches.

Fig. 5. Three-dimensional FE model of the Nd:YV
defines the boundary conditions. Based on New-
ton’s law of heat transfer, it is

K
]T
]nUs

5 h~Tc 2 Tus!, (5)

here Tc is the cooling or air temperature, which is
taken as a constant, Tus is the local temperature of the
crystal surface, n is the local normal to that surface,
and h is the heat transfer coefficient. The heat
transfer coefficient of indium in contact with Nd:
YVO4 and indium in contact with copper is assumed
to be 1.5 3 1022 W K21 mm22. Two air-contacted
endfaces have a heat transfer coefficient of 6.5 3 1026

W K21 mm22.
The steady heat source, which is described as a

Gaussian distribution, applies heat generation rates
to the crystal ~heat flow rate per unit volume! as13

q~x, y, z! 5 hheatP0 p~x, y, z!
aT

1 2 exp~2aL!
exp~2aT z!,

(6)

p~x, y, z! 5
1

pvp
2 expF2

2~x2 1 y2!

vp
2 G , (7)

vp
2 5 v0

2H1 1 Flp~z 2 z0!

pn0v0
2 G2J , (8)

where p~x, y, z! is the normalized pump radiation
distribution, P0 is the total incident pump power, L is
the doped length of the rod, aT is the absorption

ick including the copper heat sink and indium foil.
O4 br
20 March 2001 y Vol. 40, No. 9 y APPLIED OPTICS 1399
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Table 1. Thermodynamic Parameters of Nd:YVO , Copper, and Indium Foil
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coefficient, vp is the radius of the pump beam, v0 is
the waist radius of the pump beam at the position of
z0, lp is the wavelength of the pump beam, n0 is the
refractive index of the crystal, and hheat represents
the fraction of pump power converted to heat. Ac-
cording to Ref. 15, hheat is 0.24 for a 0.5-at. % doped
Nd:YVO4 crystal in lasing conditions.

B. Finite-Element Model

Three-dimensional thermal conduction based on Eq.
~4! is considered for the calculation of temperature
distributions in anisotropic laser crystal, taking into
account the anisotropy in the thermal conductivity of
Nd:YVO4 crystal. The presence of thermal conduc-
tivity along the sagittal and the longitudinal direc-
tions is different. However, since the anisotropic
3-D thermal conduction equations are difficult to
solve by analytical methods, we treat the complex 3-D
thermal conduction with FE numerical implementa-
tion. The crystal is divided into a number of infini-
tesimal elements. The terms x, y, z are the variables
of the tangential, the sagittal, and the longitudinal
coordinates. They represent discrete longitudinal
elements, z 5 1–30, covering the crystal length L ~5
mm! as well as discrete transverse elements x and y
from 1 to 15, covering the cross dimension of the
crystal ~1.5 mm!. The indium foil with a thickness of
0.2 mm is divided into two layers, and the copper
wrap around the crystal is transversely meshed into
six layers. The marked points in Fig. 5 are selected
to testify to the validity of the FE model when their
corresponding temperatures are compared between
calculated and experimental results, where Lhs, LC,
LB, and LA are set at 5, 3.7, 2.6, and 1.5 mm, respec-
tively. Here, temperature constraints of 23° and
26 °C are applied to the periphery of the heat sink
and air, respectively, as boundary conditions and the
insulation process on the symmetrical section. The
numerical implementation is based on Eqs. ~4!–~8!

ith ANSYS 5.4.16 The accuracy of the FE analysis
depends on the numerical solution of the algorithm
and the values of the input parameters, such as ma-

Parameters

Thermal conductivity ~W m21 K21!

Thermal expansion coefficient ~1 3 1026 K21!

Heat capacity ~kJ kg21 K21!
Density ~1 3 1023 kgycm3!

Table 2. Measured and Calculated Temper

Temperature A1 B1 C1 D1 A2

Measured 27 25 24 23 26
FE model 27.32 24.72 24.01 23.02 26.36
400 APPLIED OPTICS y Vol. 40, No. 9 y 20 March 2001
terial thermodynamic properties and boundary con-
ditions. To realize high-accuracy calculations, the
FE model is examined by experiment.

When the numerical and the experimental results
in Table 2, are compared the deviations between the
calculated and the measured temperature at the cor-
responding points are less than 2%. Consequently,
the FE model is validated for high accuracy for nu-
merical simulations. Figure 6 demonstrates the
sagittal and the longitudinal temperature profiles in
the Nd:YVO4 crystal at the absorbed pump power of
10 W. The temperature distributions along the x
and y axes are almost the same owing to the slight
difference in the thermal conductivity between these
two directions. In addition, the longitudinal tem-
perature gradient is much larger near the pump re-
gion where the strongest absorption occurs.

C. Structure Analysis

Based on the temperature distributions obtained, the
stress and strain are investigated by FE analyses.
The equations of equilibrium of stresses in the Car-
tesian coordinates are given by17

]sxx

]x
1

]sxy

]y
1

]sxz

]z
5 0, (9)

]syx

]x
1

]syy

]y
1

]syz

]z
5 0, (10)

]sxz

]x
1

]syz

]y
1

]szz

]z
5 0, (11)

where the stress components sii represent normal
components and sij, where i is not equal to j, repre-
sents shear components where the subscript i or j
represents x, y, or z. In Eqs. ~9!–~11! it is assumed
that the shear stresses are symmetric to exclude the
case of the turning moment on the crystal. This
statement is expressed as sij 5 sji, where i here is not
equal to j.

4

d:YVO4 Copper Indium foil

5.23 ~ic!
111 5.1

5.10~'c!
1.37 ~ic!

— 3.412
4.43~'c!
0.8 0.38 0.2
4.24 8.6 1.1

Values for an End-Pumped Nd:YVO4 Laser

Position

B2 C2 D2 A3 B3 C3 D3

24 23 27 25 24 23
.51 23.55 23.02 27.32 24.72 24.01 23.02
N

1

25
24
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The strain–displacement relationships are defined
as follows18:

εij 5
1
2 S]ui

]xj
1

]uj

]xi
D , (12)

where εii are direct strains in the x, y, and z direc-
tions, εij with i not equal to j represents shear strains,

i represents displacements in the x, y, and z direc-
tions.

According to Hooke’s law, the following equations
exist18:

sxx 5 2mεxx 1 dxx@je 2 ~3j 1 2m!aa T~x, y, z!#,

syy 5 2mεyy 1 dyy@je 2 ~3j 1 2m!ac T~x, y, z!#,

szz 5 2mεzz 1 dzz@je 2 ~3j 1 2m!aa T~x, y, z!#,

sxy 5 2mεxy,

syz 5 2mεyz,

sxz 5 2mεxz, (13)

where dij is the Kronecker delta function, T~x, y, z! is
the temperature distribution inside the crystal, e is
the sum of normal strains ~e 5 Sεii!, a is the thermal
expansion coefficient, j and m are constants related to

Fig. 6. Temperature profiles for the Nd:YVO4 crystal at the pump
urface and longitudinal direction: ~a! sagittal temperature dis-
ributions at the pump surface along two directions of the x and y

axes; ~b! longitudinal temperature distributions along the z axis.
Young’s modulus E and Poisson ratio v, which are
given by

j 5
vE

~1 1 v!~1 2 2v!
, (14)

m 5
E

2~1 1 v!
. (15)

According to Eqs. ~9!–~15!, the stresses and strains in
the crystal under prescribed temperature distribu-
tions can be simulated by the FE model. Note that
the mechanical properties of the Nd:YVO4 crystal are
assumed to be isotropic in our calculations. With
respect to the boundary condition of the structure
model the crystal normal displacement on the
mounted periphery is set at zero. When matched
with the measured end bulging, the Poisson ratio and
Young’s modulus can be determined by numerically
implementing the FE model. For example, consider
the FE model in the case of absorbed pump power of
10 W and corresponding maximum end bulging of
1.97 mm shown in Fig. 4. In our numerical simula-
tions the Poisson ratio and Young’s modulus are fit-
ted to be 133 GPa and 0.33, respectively, with which
the calculated end bulging of the crystal in the x and
y axes is shown in Fig. 7. The maximum end bulg-
ing is equal to the measured value of 1.97 mm at the
absorbed pump power of 10 W. Note that the end
bulging in the y axis is larger than that in the x axis
because the thermal expansion coefficients in the x
axis of 4.43 3 1026 K21 and the y axis of 11.37 3 1026

K21 are much different. In fact, the temperature
radient in the x axis is slightly higher than that in

the y axis, which in turn results in slightly greater
end bulging in the x axis. However, the thermal
expansion coefficient in the y axis is almost three
imes larger than that in the x axis. The calculation
herefore shows that end bulging in the y axis is
arger than that in the x axis.

D. Discussion

Since the numerical model allows accuracy discus-
sions on evaluated mechanical properties, we can cal-

Fig. 7. Calculated end bulging of the crystal in the x and y axes at
absorbed pump power of 10 W.
20 March 2001 y Vol. 40, No. 9 y APPLIED OPTICS 1401
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culate the accuracy interval of the Poisson ratio and
Young’s modulus. When we vary the Poisson ratio
by using the numerical model from 0.28 to 0.37 with
a spacing of 0.1 while the Young’s modulus stays at
133 GPa, we can show in Fig. 8 a variation of maxi-
mum end bulging as a function of the Poisson ratio.
It can be found that the error percentage becomes
larger with the increasing deviation of the Poisson
ratio from 0.33. Because the measurement accuracy
of the laser interferometry is considered within the
range of 5%,19 the accuracy interval of the Poisson
ratio is therefore determined to be from 0.315 to
0.345. Furthermore, we can compare the calculated
and measured end bulging as a function of absorbed
pump power, the results of which are shown in Fig. 4.
It can be found that the numerical results are in good
agreement with the measured end bulging when the
absorbed pump power is greater than 5 W, because a
greater end bulging contributes to higher measure-
ment accuracy.

In addition, the evaluated Young’s modulus can be
testified to by the calculation of thermal shock pa-
rameter R, which indicates permissible thermal load-
ing before the fracture occurs. The thermal shock
parameter depends on the mechanical and the ther-
mal properties of the host material and is given by

R 5
Ksmax

aE
, (16)

where smax is the maximum tensile stress.
In our experiment a fracture that runs from the

crystal center to the circumference and perpendicular
to the y axis is observed to occur in 1-at. % Nd31-

oped Nd:YVO4 with an absorbed pump power of 22
and a pump beam radius of 0.2 mm with identical

ooling geometry. Based on Ref. 20, the fractional
hermal loading for 1-at. % Nd31-doped Nd:YVO4

crystal is 0.36. By implementing the numerical
model by use of evaluated mechanical parameters,
we determined the fracture tensile stress to be 53
MPa. From Eq. ~16! the thermal shock parameter is
then calculated to be 4.77 Wycm, which is in agree-
ment with the measured value of 4.8 Wycm obtained

Fig. 8. Calculated end bulging as a function of the Poisson ratio
~E 5 133 GPa!.
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by Chen.6 When the Poisson ratio maintains a con-
stant of 0.33, an accuracy interval of the evaluated
Young’s modulus of 133 GPa can be examined in a
range of 10%. Based on the determined mechanical
properties, the thermal lensing effect induced by the
end effect as a function of the absorbed pump power
can be calculated for end-pumped edge-cooled Nd:
YVO4 lasers. Referring to Ref. 13, we see that the
thermally induced spherical lens allows an approxi-
mate estimate of the OPD. When aberrations are
neglected, the OPD~r! induced by a spherical lens
depends quadratically on the pump beam radius r.
The dioptric power D of the thermal lens is

D 5
2@OPD~r! 2 OPD0#

r2 , (17)

where OPD0 is the optical path difference of the op-
tical axis and r is the distance from the optical axis.

The dioptric power induced by the end effect is
shown in Fig. 9. For comparison, Fig. 9 includes the
thermal lensing effects induced by index parts and
the total dioptric power. It can be seen that dioptric
power presents a trend in linear increase with the
rise in absorbed pump power. The end effect takes a
proportion of 46% and 44% along the x and the y axes,
respectively. The slight difference in the thermal
lens between these two directions is due to the aniso-
tropic property of the Nd:YVO4 crystals; e.g., the
thermal expansion coefficient, the thermal optical co-
efficient, and the thermal conductivity differ along
the x and y axes. The numerical calculations show
the conclusion that the end effect is approximately
equal to the index parts in end-pumped Nd:YVO4
laser systems, which coincides with the experimental
results of Baer et al.9

4. Conclusions

The material properties of lasing crystals, i.e., the
Poisson ratio and Young’s modulus, are important

Fig. 9. Calculated dioptric power as a function of absorbed pump
power; 1 and 2, 3 and 4, 5 and 6 are total dioptric power, the index
part, and the end effect along the x and y axes, respectively.
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parameters for the designing and analysis of DPSS
lasers. A hybrid method that combines experimen-
tal and numerical approaches has been employed to
determine the material properties of Nd:YVO4. The
advantage of combining laser interferometry and a
numerical analysis is visualization of the stress–
strain state inside the crystal with the measured dis-
placement only. We used a laser interferometer to
measure the end bulging of Nd:YVO4 at the end

ump face in lasing conditions. We obtained the
aximum end bulging that is due to thermal expan-

ion of the laser crystal as a function of the absorbed
ump power. The end effect measured here shows a
aximum end bulging of 1.97 mm with absorbed

ump power of 10 W. By comparing the measured
nd effect with the end bulging, we were able to use
he numerical solution with the FE analyses to eval-
ate the material properties. With the valid FE
odel together with the measured end bulging, the
oisson ratio and Young’s modulus were fitted at 0.33
nd 133 GPa, respectively. The numerical model
llows accuracy discussions on the mechanical pa-
ameters obtained. When measurement error was
onsidered, the accuracy interval of the Poisson ratio
as from 0.315 to 0.345 and Young’s modulus was in

he range of 10%. Finally, the parameters were
valuated to separate the end effect from thermal
ffects numerically. The calculated results show
hat the end effect is approximately equal to the in-
ex parts in Nd:YVO4 laser systems.
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